A family of trivial twists in Uq(g) giving quantum counterparts of extended jordanian twists is built. These twists are defined to give trivial twists if q = 1 and non-trivial ones in the limit q → 1. We reveal also the connection of the elementary parabolic twist with twisting in Y (sl(2, C)) and define its quantum analogue.
Introduction
Jordanian deformation [3, 20, 21] can be obtained with the contraction procedure from the standard one. Although one can calculate contracted R J -matrix in any representation, the universal approach to extracting the Drinfeld twists F J such that R J = F 21 J F −1 J , for any contracted R-matrix, has been elaborated to work with contracted R-matrices defined on Borel subalgebras or Borel subalgebras extended by an element from the negative sector [1, 16, 19] . An interesting question is whether one can generalize the quasi-classical twists in U (g) to give the quantum twists in U q (g). According to [4] the quantum counterparts of quasi-classical twists, if they exist, are equivalent to those arising from quantization of the Belavin-Drinfeld triples. In theory the contraction of such quantum twists would lead back to the quasi-classical twists. A problem of building the quantum twists and the related (h, q)-deformations was considered in a number of works [8, 10, 18] . Up to now there exist two expressions for the quantum jordanian twist in U q (sl(2, C)) connecting the standard quantization with the jordanian one [10, 18] . The derivation of the quantum jordanian twist in [10] employs some relations between q-functions, while the method of [18] is based on the existence of a group-like element in the twisted q-Borel subalgebra. There is a close connection of the latter and the approach where chains of extended jordanian twists are built with the help of group-like elements in the twisted classical enveloping algebra. One observes there the appearing of logarithmic factors "sigmas" in the form like ln(1 + X) for a suitable element X ∈ U (g). In the quasi-classical case it is natural to see those "sigmas" as originating from the asymptotic behavior of the appropriate q-exponential functions at q → 1. More precisely we define the q-exponential function as
with the inverse given by
Using (1), it is natural also to introduce the quantum dilogarithm [5, 13] :
Letting q = e −ǫ , we calculate the asymptotic expansion:
where Li 2 (x) is the Euler dilogarithm:
In what follows we clarify how one can obtain quasi-classical twists from the quantum trivial ones, Propositions 1,2. In particular we build full quantum extended jordanian twists in all infinite series of simple Lie algebras. An explicit formula of the trivial twist reducing to full extended jordanian twist in sl(n + 1, C) is obtained. Another result we present in this work is an investigation of the quantum elementary parabolic twist which is the quantum analogue of the twist giving quantization of sl(3)-boundary r-matrix [6] , Proposition 5.
2 Quantum twist generalizing extended jordanian twist for q = 1
A Hopf algebra U q (g) for a Lie algebra g with Cartan matrix (A) ij = a ij and a set of simple roots {α i } is defined by relations
where
with the costructure given by
S(
Usually one introduces another set of generators
more convenient for working with q-Weyl group. The costructure reads
To proceed further we need some facts on q-Weyl group, the references for us here are [11, 12, 14, 15, 22] . One introduces a linear order on the set of positive roots ∆ + by taking the longest element of the Weyl group w 0 = s i1 s i2 · · · s iN along with its reduced decomposition. The reduced decomposition fixes a linear order from left to right as
A linear order L on the set ∆ + of positive roots of g is called convex or normal if for any positive roots α and β such that
It can be proven that any convex order on ∆ + comes from some reduced decomposition of w 0 . The q-Weyl group allows to define composite roots.
where T i (·) are the generators of q-Weyl group (for explicit action see [15] , page 138).
These elements allow to formulate one more general fact about U q (g) from [15] :
Theorem ( [15] ). Consider the canonical isomorphism h ≃ h * defined by the bilinear form ( , ) on h. Let H β ∈ h be the image of a root β ∈ h * with respect to this isomorphism. Then the following identity holds:
Proof. For the proof see [15] , Proposition 3.2.1.
then the element
satisfies the Drinfeld equation
and has the well-defined limit for q → 1.
Proof. The constructed element F is a trivial twist:
if one uses (14) along with q-multiplication property of the q-exponential function:
where ab = q 2 ba. Non-singularity of F follows from the representation:
where the element
is well-defined in the limit q → 1.
Choosing different X in the above Proposition 1, we obtain generalizations of the known quasi-classical twists to the quantum area q = 1. The general formula of the full quantum extended jordanian twist emerges if we choose X to be an element corresponding to the longest root vector in infinite series of simple Lie algebras. 
Proof. The proof is based on the following expansion from [15] E
. Non-zero terms in the sum are subject to condition
We are to show that (17) holds in all infinite series of simple Lie algebras. In A N we choose a convex order as (18) only with zero coefficients, without contradicting (19) , and therefore
which means that
and (17) holds. In the remaining series of simple Lie algebras we check (21) for appropriately defined convex order. In B N we have
and λ = α 1 + 2α 2 + · · · + 2α N −1 + 2β. Similarly to A N we come to the relation (20) . In C N we fix the following order roots without β
and λ = 2(α 1 + · · · + α N −1 ) + β. This order eliminates all nonzero terms on the r.h.s of (18) . In D N we have quite a similar situation
Notice that we have a problem with extension of the proof to all series of simple Lie algebras. For example in G 2 we have the following sequence of roots α ≻ 3α + β ≻ 2α + β ≻ 3α + 2β ≻ α + β ≻ β, so there could be contribution E 3 α+β or E 2 2α+β on the r.h.s of (18) if one chooses such an ordering where 3α + 2β ≻ β or 3α + 2β ≻ α respectively. Example 1. In sl(n + 1, C)-case we use the following formula [9] :
thus the full quantum extended jordanian twist is
where we used (16) and q-Serre relations in sl(n + 1, C). The elements E (ij) are the quantum counterparts of E ij in the defining relations of sl(n + 1, C).
This twist deforms
and reduces to
in the limit q → 1, here
3 The elementary parabolic twist and Y (sl(2, C)).
The elementary parabolic twist gives quantization of sl (3)-boundary r-matrix [6] : 2ξH
, and can be written as:
It is interesting to investigate the connection of this element with the twisting of U q (ŝl(2, C)) built in [10] :
Proof. The element F allows representation:
where we introduced new coefficients c, d to simplify notations. If we apply (16) , then the twist F can be written as:
then we have
where we used the Five term relation [5] :
e q 2 (x)e q 2 (y) = e q 2 (y)e q 2 (−yx)e q 2 (x), xy = q 2 yx.
is a twist that can be checked directly by using costructure
thus giving an independent proof that (23) is a twist.
To calculate the quasi-classical limit for q → 1 of (23), one needs to perform the change of variables [10] :
The Hopf algebra structure now is
In this basis (23) is:
The contracted twist
is defined on the Hopf algebra (which we denote D − q=1,η (sl(2, C)), [23] ) generated byĥ,f 0 ,f 1 . U (sl(3, C) ) and an isomorphism ι so that
Proposition 4. There exists such a twist Φ in
is a Hopf algebra with the deformed by Φ costructure.
Proof. First following [19] we rewrite the elementary parabolic twist
in the form
The twisting factor
is defined on A Φ with
The costructure of A Φ is given by
We define a Hopf algebra isomorphism ι on the generators as following:
Now we find an expression giving quantum analogue of the elementary parabolic twist. The quantum analogue of Φ is given by:
where Ψ is a twist chosen so that
It is straightforward to check that
Applying Φ q we calculate: (12) E (13) q −H23 , and ∆ Φq ( 1 1 − ηE (12) E (13) 
It is easy to check that:
where ι q is an isomorphism between the q-analogues of D − q=1,η (sl(2, C)) and A Φ , which can be seen as a quantum version of ι, () is a conjugation:
Finally we formulate the result:
Proposition 5. The twist
gives (22) in the limit q → 1.
Proof. The first factor in F q P goes to (24) at q → 1 due to (25), and the second one goes to Φ according to Example 1.
Conclusion
We have demonstrated the possibility to build quantum extended jordanian twists dependent on some element X ∈ U (g). Such twists are trivial as quantum twists (according to [4] ) but they reduce to non-trivial ones as we take the limit q → 1. The full chain of extensions appears as we specialize X to be an element corresponding to the longest root. Another possibility of building quantum twists emerges as we investigate the quantum analogue of the elementary parabolic twist. The obtained twist is equivalent to the Cremmer-Gervais' one [8, 17] , on the other hand we have found the way to obtain the quantization of a particular skew-symmetric r-matrix as a non-trivial limit of Cremmer-Gervais quantization. The relation established between the elementary parabolic twist and the twisting of Y (sl(2, C)) allows a simple calculation tool for the twisted costructure in Y (sl(2, C)) [19] .
